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Abstract

Computer algebra systems often produce large expressions involving
complicated algebraic numbers. In this paper we study variations of the
polred algorithm that can often be used to find better representations
for algebraic numbers. The main new algorithm presented here is an
algorithm that treats the same problem for the function field case.

1 Introduction

Consider the following problem: Given a finite extension K of Q find a § € K
with Q(3) = K for which the minimal polynomial mg has “small” integer
coefficients. Here “small” means not much larger than optimal.

A good and practical solution to this problem is the polred algorithm, by
Cohen and Diaz y Diaz [1]. This algorithm involves integer factorization (for
computing the ring of algebraic integers Ok ), floating point arithmetic (except
in the totally real case) as well as the LLL ([8]) algorithm. The topics of this
paper are the following

e Topic 1. Can integer factorization be avoided?
e Topic 2. Can floating point arithmetic be avoided in general?

e Topic 3. How to generalize polred to the function field case, where K is
a finite extension of Q(x)?

We will start by explaining the polred algorithm in section 2.1. Topics 1
and 2 and an example will be discussed in section 2.2. The remainder of the
paper will be devoted to topic 3.



2 The number field case

2.1 The polred algorithm

Suppose K, a finite extension of Q, has r; real embeddings o1,...,0,, and 7o
pairs of complex embeddings oy, 41,0 +1;- -, Ory+res Org+ry- Combined there
are n := [K : Q] = r1 + 2r3 embeddings K — C. Then we have a Q-linear map

(01, vy Opygry) : K = R™ @ C™.

We can identify R™ @ C™ with R™ by splitting real and imaginary parts.

Denote the resulting map as
Y K — R". (1)

We can now define two bilinear forms K x K — R as follows < a,b >1:= Tr(ab)
and < a,b >9:= 1(a) - ¥(b) where Tr denotes the trace over K/Q and - is the
usual dot product in R™. Note that <, >1=<, >4 if and only if K is totally
real (i.e. o = 0), if and only if the bilinear form <, > is positive definite.

The polred algorithm, by Cohen and Diaz y Diaz [1], works as follows.
First, compute a basis by, ..., b, of Ok as Z-module. This way we can represent
elements of Ok by elements of Z™. Then compute floating point approximations
for ¥(by1),...,¥(b,). These approximations give us a bilinear form close to
<, >2. Now compute an LLL reduced basis of Ok with respect to this bilinear
form. This way LLL finds elements in Ok whose images under v are “small”,
i.e. not much larger than optimal (LLL finds vectors that are no more than 2"/2
times longer than optimal). Now select the first 8 ¢ Q found by LLL.

Remark 1 A potential difficulty is that 8 generates a non-trivial subfield of K.
This problem is easily avoided by taking a small linear combination of elements
of the LLL basis. However, one might not want to actively avoid finding useful
information (a non-trivial subfield). Instead of avoiding this situation, it would
be better to make use of this subfield. However, for simplicity we will assume
that B8 does generate K (using a small linear combination if necessary).

Given that the image of f € Ok under ¥ is “small”, one concludes that
the complex roots of the minimal polynomial mg are small, after all, the real
and imaginary parts of these roots are exactly the entries of ¢(3). This in
turn implies that the coefficients of mg are “small” (meaning that they can be
bounded in terms of the size of an optimal minimal polynomial). This algorithm
is not guaranteed to find an optimal minimal polynomial (optimal in terms of
bitsize or in terms of coefficient size) but like LLL it works very well in practice.

The polred algorithm is very useful for computer algebra systems in order to
simplify expressions containing large complicated algebraic numbers. However,
popular computer algebra systems such as Maple and Mathematica do not use
these techniques. A possible explanation may be the use of integer factorization
that is involved in the computation of Ok. Factoring a large integer may take
too long. However, in almost all examples this potential bottleneck can be easily
avoided, see subsection 2.2 below. Topic 2 (avoiding floating point arithmetic)
will be discussed as well in subsection 2.2 as well.



2.2 Topics 1 and 2, and an example

Consider the system of equations given in [6]. A computer algebra system pro-
duced the following solution (this solution can easily be found using standard
Grobner basis techniques since the system of equations in [6] was not compli-
cated).
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where o has minimal polynomial m, (z) = 2% —9672°+409231z* — 9882166423 +
1450590160822 — 1221461035503 + 45330846457297.

The first problem is to avoid factoring integers, which is used in the algorithm
for computing a basis of Ok. Note that the polred algorithm could also be
applied to a subring R C Ok instead of Ok itself. Experiments show that the
smaller the index of R in Ok is (i.e. the larger R is), the better the result will
be. In the example, the index of Z[a] in Ok is large; the ring Z[a] is too small to
find an generator of K with a nice minimal polynomial. The key idea in avoiding
integer factorization is now the following: instead of using just the information
stored in a and m,,, we should use the information stored in all of x,y,z. We
first multiply z,y, z,1/x,1/y, 1/z by rational numbers ¢1, ..., g chosen so that
the products aq,...,as = q1%,q2y,...,qe - 1/z are algebraic integers. So we
have six elements aq,...,a6 € Og. Then we compute R = Zlay,...,aq] to
obtain a subring of Ok that is much larger than Z[a]. This R is found with no
integer factorization.

For polred to work well we need to use either Ok or a large subring of
Ogk (i-e. a subring with small index in Og). The above construction for R
usually leads to a large subring of O provided that more than one independently
constructed elements (z,y, z in the example) of K were given. In the example
R is equal to O.

By computing such ring R instead of Ok we can use polred without having
to factor integers, except in examples where only one element of K is given.
However, given an expression (such as the solution of a system of equations)




that involves only one element of K, there is less motivation to simplify this
expression than in situations where several elements of K occur.

If ro = 0 (all embeddings are real) then polred does not need any floating
point computations because in this case the two bilinear forms <, >; and <, >
are the same (recall that the definition of <,>; does not involve R). If ro > 0
then <, >; is no longer positive definite, and since the LLL algorithm works for
positive definite bilinear forms, polred will apply LLL with the bilinear form
<, >9 which involves computing in R.

There exist variations of the LLL algorithm that do allow bilinear forms that
are not positive definite, see [7] and [10]. Because of this, one can write a mod-
ification of polred that never needs floating point arithmetic. We implemented
this modification, and found that it has an advantage as well as a disadvantage.
The advantage is that it makes the algorithm faster. The disadvantage is that
<,>1 is less closely related to the size of mg as <,>3. So one saves compu-
tation time, at the cost of finding a less good mg. In the example we found
mg(x) = 28 — 225 + 321 — 784923 + 857302 — 481151z + 5038077 which is less
good than the mg (given below) that one would otherwise find.

One possible strategy may be to first use the above variation of polred that
avoids floating point arithmetic, obtaining a partial improvement, and then
follow up on that by additional reduction using floating point arithmetic. This
gives the same result as the standard polred. Unfortunately, it does so in
almost the same amount of CPU time; in experiments there was little gain in
this hybrid approach. We find mg(z) = 25 — 2 + 1.

Using this mg, while keeping track of the relation between o and 3 during
the computation of mg, one can rewrite the expressions for z,¥, z in terms of 3
and we arrive at the improved solution:
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3 The function field case

We will now consider the function field case. Given a finite extension K of Q(z),
we want to find a generator § of K whose minimal polynomial over Q(z) has
“small” coefficients, both in terms of the degrees with respect to x, as well as
in terms of the sizes of the coefficients in Q.

Denote R as the ring of all @ € Q(z) that have no pole at © = oo (the
set of rational functions a for which the numerator does not have higher degree
than the denominator). Then Q[x] () Rs = Q since the constants are the only
functions a € Q(z) with no poles in Q(J{co}. A function a € Q(z) has a pole
at x = oo of order d if and only if d is the smallest integer for which a € z9R.



Let f € Q[z,y] be irreducible and let K = Q(z)[y]/(f). Let n = [K :
Q(z)] = deg, (f). We will assume that n > 1. We can write K = Q(z, a) where
«a denotes y mod f, the image of y in K. Denote Ok as the integral closure
of Q[z] in K, and denote Oy as the integral closure of Ry, in K. One can
compute a basis by, ..., b, of Ok as a Q[z]-module. Available implementations
for this are based on the round two or round four algorithm (see [3]) or on
Puiseux expansions (see [4]). These implementations also allow to compute a
basis b),...,b, of O as Ro-module. A convenient way to do this is to do
a change of variable z — 1/t, compute a local integral basis at ¢ = 0 (most
implementations have this feature), and then to change back t — 1/x.

A place is a discrete valuation on K over Q. Every non-singular point on
the algebraic curve defined by f is a place, while a singular point corresponds
to one or more (but finitely many) places. One can effectively compute with
places by using Puiseux expansions. The ring of functions with no poles at the
finite places (the places where x has no pole) is Ok . The ring of functions with
no poles at the infinite places (the places where x has a pole) is O. So the
intersection Ok [ O is the set of functions with no poles on the curve; the
set of locally constant functions. The dimension of this set is the number of
components, i.e., the number of irreducible factors of f in Q[z,y], see [9]. We
will assume that f remains irreducible over Q, in other words we assume that
Ok N0x =Q

Given f and K, the goal is now the following: Find some # € K that
generates K over Q(x) whose minimal polynomial

mg=Y"+a,_1Y" '+ +ag € Qz)[Y] (2)
has “small” coefficients. Here we will define “small” in the following way:
e Condition 1: The coefficients a; in equation (2) are in Q[z].

e Condition 2: The total degree of mg as a bivariate polynomial is n. In
other words deg,(a;) < n — .

e Condition 3: If there is a [ satisfying the previous assumptions for which
the degree of mg as a polynomial in z is less than n, then we should
find such 3. Moreover, the coefficients of the a; in Q should be “small”,
meaning that their numerators and denominators are not much larger than
optimal under the previous requirements.

In this section we will focus on the first two conditions, which can be reformu-
lated as

1. B e Ok
2. pex0q

(to see the equivalence of condition 2, note that 5 € 2O« iff §/z € O iff
mgy =YY"+ =ty 4 98 e ROV iff deg, (a;) < n — i for all i).

There need not be any 3 that generates K over Q(z) and that satisfies these
two conditions. For simplicity we will assume that such § does exist.



Remark 2 If such  does not exist, this would not complicate matters much.
We could simply replace the second condition by a weaker condition, namely
require that deg, (a;) < 2(n —1) for all i € {0,...,n — 1}, or equivalently, that
B is in 2204 If that fails as well, we could weaken the condition further to
B € 230y, etc.

For conditions 1 and 2 we need § € Ok [ 20w. For condition 3 see subsec-
tion 3.2. An algorithm to compute Ok (2O« for a special case was given in
Section 3.2 in [5]. The next subsection presents an efficient method to compute
Ok 12O in general.

3.1 Normalize an integral basis at infinity

The process of normalizing an integral basis at infinity was introduced in [11]
as one of the steps in the integration of algebraic functions. For completeness
we will give a description of this process.

Algorithm: A basis of Ok that is normal at infinity.
1. Let by,...,b, be a basis of Ok as Q[z]-module.
2. Let b,...,b), be a basis of Oy as Roo-module.

3. Write b; = Y_7'_, ;0] with r;; € Q(x).

j=1

4. Let D € Q[z] be a non-zero polynomial for which a;; := Dr;; € Q[z] for
all Z,] Now Dbi = Z;‘L:1 aijb;.

5. Foreachi € {1,...,n}, let m; be the maximum of the degrees of a; 1, . .., @; .
Now let V; € Q™ be the vector whose j’th entry is the z""i-coefficient of
a;j. Let d; := m; — deg, (D).

6. If V1,...,V, are linearly independent, then return by, ...,b, and stop.
Otherwise, take cq,...,c, € Q, not all 0, for which ¢4 V7 +---¢,V,, = 0.

7. Among those i € {1,...,n} for which ¢; # 0, choose one for which d; is
maximal. For this 4, do the following

(a) Replace b; by Y"1 _, cpadi—drpy.
(b) Replace a;; by > p_, cxr®~%ay; for all j € {1,...,n}.

8. Go back to step 5.

The by, ..., b, remain a basis of O throughout the algorithm because the new
b; in step Ta can be written as a nonzero rational number times the old b; plus
a Q[z]-linear combination of the b;, j # i. When we go back to step 5 the
non-negative integer d; decreases while the d;, j # ¢ stay the same. Hence the
algorithm must terminate.

Let b1, ...,b, be the output of the algorithm. By construction, the number
d; in the algorithm is the smallest integer for which b; € 2% O4. If B € O



with 8 # 0 then we can write 8 = ¢1b1 + - - - ¢, by, for some ¢y, ..., ¢, € Q[z].
Denote dg as the maximum of deg,(c;) + d; taken over all j for which ¢; # 0.
Then 3 € 2% O by construction. Since the vectors Vi, ..., V,, in the algorithm
are linearly independent when the algorithm terminates, there can not be any
cancelation, which means that dg is the smallest integer for which 8 € 2% O.
Because of this, we get the following:

Let b1,...,b, be the output of the above algorithm. If d is a positive integer,
then the set By := {27b; | 0 < j < d—d;} is a basis of Ok 2¢Ok as Q-vector
space.

We may assume that B; contains the elements 1 and x since both are in
Ok NxOk. We will assume that B; contains a generator of K over Q(z),
otherwise the first two conditions in the previous section can not be met. In
particular this assumption implies that B; should have more than two elements
(of course one could weaken condition 2 by taking By instead of By where d is
the smallest positive integer for which O %O contains a generator of K
over Q(x), see also the remark at the end of the previous section).

3.2 Condition 3

Let V' denote the vector space Ok [xOk. The previous section described
how to compute a basis By of V. Assume that V contains a generator of K
over Q(z). Experiments show that taking a random § € V (or taking some
B € B; that generate K) almost always leads to a minimal polynomial mg =
Y” + a,_1Y" ! + ... ap whose bitsize is very much larger than optimal (the
coefficients of the a; are much larger than optimal).

This can be remedied in much the same way as in the polred algorithm.
By evaluating functions at places Pi,..., Ps on the curve, we get a maps ¢; :
V — Kp,, where Kp, is the residue field at P;, which is an algebraic number
field. Combining these maps we get amap o : V — @f_Kp,. If N := [Kp, :
Q]+ -+[Kp, : Q] is large enough (N > n certainly suffices) then o must be one
to one. By mapping each Kp, to R™ where n; = [Kp, : Q] as in equation (1)
in section 2.1, we get a map ¥ : V — RV,

Now let R; be O, or a large subring of Ok, if we want to avoid factoring
integers, like in section 2.2. The set of all § € V whose image in Kp, ends up
in R; for all 7 is a lattice L C V (i.e. a Z-module in V of rank dim(V')). The
map ¥ induces a dot-product on L (and on V), coming from the dot-product
on RY. This dot-product takes values in R. One can now compute an LLL
reduced basis of L with respect to this dot-product and select the first element
(see also Remark 1) that generates K over Q(z).

The heuristic justification behind this approach is the following. We find
with LLL some 8 € L C V whose evaluations are reasonably nice, i.e., not
much worse than optimal (remember that LLL does not necessarily find the
shortest vectors, but it does find vectors that are at most be some bounded
factor larger than the shortest vectors). In addition, if there is some § € L



that generates K over Q(z) for which mg is nice, then the evaluations of 3
will also be reasonable nice. If we use enough places Py, ..., Ps then we would
expect that only those 3 € L with nice mg could correspond to short vectors
in the lattice. This (by no means precise) argument makes it plausible that
this approach leads to some 5 € V for which the expression mg is not very
much larger than optimal. Like polred, this approach gives very good results
in practice.

The places we propose to use are the infinite places as well as the places
above x = 0 (in the unlikely event that the map o above is not one to one, we
can add the places above © = 1, x = —1, etc.). For finite places P;, one maps
B € V to the value of 5 at P; (i.e. the image of 3 in the residue field at P;).
The places P; at infinity are treated slightly differently; to get a map V' — Kp,
when P; is a place at infinity, we need to send 8 € V to the value at P; of of
B/x instead of 8. This is because we allowed 8 (but not 8/z € O4) to have a
poles at infinite places P;.

So far we have not yet discussed the part of condition 3 that discusses the
degree of mg viewed as polynomial in z. This issue is handled as follows.
Suppose F; is a place at infinity, and consider the map V' — Kp, where § maps
to the value of 8/x at P;. Let V; be the kernel of this map. If V; # V but V;
still contains a generator of K, then we will replace V' by V;. We repeat this
as long as we can still find a place at infinity for which “evaluation, and taking
the kernel” leads to a new V of lower dimension that still contains a generator.
Each time such a step is possible, the maximal possible deg,(ms) decreases by
n; = [KPz' : Q]

We give an example where K is the extension of Q(x) given by the minimal
polynomial

ma(y) = 23y® — (162 — 5)a3y* + 2(432% — 37z + 13)23y® + 2(402° — 1802* +
23223 — 13522 + 50z — 8)z2y? + (—802% — 16028 + 86827 — 16482° + 15162° —
8342* 4 2552 — 3022 — 82 4 2)y + 322! — 59228 + 8027 — 21002° + 170925 +
160827 — 8452* + 21523 — 422 + 6421 — 132 + 3.

In general, a generator of K better than the given one (namely «) need not ex-
ist, in which case our algorithm can not do much. In this example, however, the
field K does have a much better generator over Q(z) than «, so the algorithm
is useful here. In this example, it finds 3 € K with mg(y) = y° + 2zy + 22
A partial implementation, including this example and a few other examples, is
available at  http://www.math.fsu.edu/ hoeij/files/NormalBasis/
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